We show that for a wide range of stellar masses, from 0.3 to 20 M , and for evolutionary phases from the main sequence to the beginning of the red giant stage, the stellar flux weighted gravity, g F ≡ g/T 4 eff , is tightly correlated with absolute bolometric magnitude M bol . Such a correlation is predicted by stellar evolution theory. We confirm this relation observationally, using a sample of 445 stars with precise stellar parameters. It holds over 17 stellar magnitudes from M bol = 9.0 mag to -8.0 mag with a scatter of 0.17 mag above M bol = -3.0 and 0.29 mag below this value. We then test the relation with 2.2 million stars with 6.5 mag ≥ M bol ≥ 0.5 mag, where 'mass-produced' but robust log g, T eff and M bol from LAMOST DR5 and Gaia DR2 are available. We find that the same relation holds with a scatter of ∼0.2 mag for single stars offering a simple spectroscopic distance estimate good to ∼ 10%.
INTRODUCTION
With the seminal work by Annie Jump Cannon and her collaborators at Harvard Observatory (Cannon 1918; Cannon & Pickering 1918) it has become clear that the spectra of stars contain information about their intrinsic brightness. Since then it is a dream of stellar astronomers to develop a simple way to estimate absolute stellar magnitudes from stellar spectra and to use them for distance determinations. This has led to the methodology of spectroscopic parallaxes where classification of spectral types and luminosity classes in conjunction with calibrated values of absolute magnitudes is used for distance determinations. Over the years and with large amounts of data available for calibration this method has become more and more sophisticated and precise, in particular, when restricted to stellar subtypes (see, for instance, Coronado et al. 2018; Hogg et al. 2019) .
In this paper we pursue a somewhat different direction. We introduce a very simple unified spectroscopic method to estimate absolute stellar magnitudes. It is directly motivated by stellar physics and applies to stars in a wide range of stellar masses, between 0.3 to 20 M , in all evolutionary phases from the ZAMS to the beginning of the red giant phase and is surprisingly precise. The method makes use of the flux weighted gravity, g F ≡ g/T 4 eff , which can be straightforwardly derived from stellar spectra by using model atmosphere methods, which are now standard and widely distributed. The fact that g F is tighly correlated with absolute stellar magnitude M bol in the case of massive blue supergiant stars was first realized by Kudritzki et al. (2003 Kudritzki et al. ( , 2008 , who discovered the flux weighted gravity -luminosity relationship ("FGLR"), which was then subsequently used for extragalactic distance determinations (see Kudritzki et al. 2016 and references therein). Langer & Kudritzki (2014) noted the great potential of the "Spectroscopic Hertzsprung-Russel Diagram (sHRD)", where g F is used instead of luminosity to discuss stellar evolution, and Anderson et al. (2016) discovered that Cepheid stars also follow a FGLR. As will be shown in the following sections, the use of flux weighted gravity as an indicator is not restricted to the most massive stars, but can also be extended to stars of much lower mass.
STELLAR EVOLUTION
We start the introduction of the extended FGLR with a discussion of stellar evolution. For this purpose, we have chosen the grid of evolutionary tracks published by Ekström et al. (2012) which consist of two sets, one including the effects of stellar rotation with initial rotational velocities of 40% of the critical velocity and the other ignoring the effects of rotation. From this grid we have selected tracks with initial masses of 0.8, 1. 1, 1.7, 2.5, 3, 4, 5, 7, 9, 12, 15, 20, 25, 32, 40 M , respectively, which are then displayed in four different ways in Figure 1 : the classical Hertzsprung-Russell diagram (HRD), the mass-luminosity diagram, the gravity-temperature diagram, and the specroscopic Hertzsprung-Russell diagram (sHRD) as introduced by Langer & Kudritzki (2014) , where flux-weighted gravity is plotted versus effective temperature. These four diagrams summarize the well known facts, how temperature, mass and gravity are correlated with stellar brightness. Bolometric magnitude increases with stellar mass, but unfortunately, at the same stellar mass there is quite a range in magnitude, which depends on effective temperature. Stellar gravity decreases when a star evolves and becomes brighter, but the value depends on mass and temperature. The flux weighted gravity in the sHRD is a proxy of stellar luminosity and can be used to discuss stellar evolution in cases where the distance is not known. In summary, we realize that it is not straightforward to use any of these diagrams for an accurate determination of distances, in particular, when stellar rotation starts to become important.
However, the situation changes dramatically in Figure  2 , where we use the same tracks as in Figure 1 but plot M bol as a function of log g F . Now we obtain a very tight relationship over a large range of absolute stellar magnitudes, the 'extended FGLR'. Obviously, the prediction by stellar evolution theory is that once gravity and effective temperature are determined from the spectrum, then the flux weighted gravity can be used to estimate absolute magnitude with quite some precision.
Before we continue the discussion, we have to note two facts. First, one major reason why the relationship in Figure 2 is so tight is that we have extended the evolutionary tracks only until the stage before the stars start to climb the red giant branch. Had we included the RGB, then the relationship would have become wider (an explanation will be given below). Second, in our calculation of flux weighted gravity we use the effective temperature in units of 10 4 K, i.e. log g F = log g − 4log T eff 10 4 K .
(1)
In this way flux weighted gravities are of the same order of magnitude as gravities.
What is the reason why compared with Figure 1 the relationship between M bol and g F becomes so tight? The answer is very simple. The flux weighted gravity is proportional to the stellar mass-luminosity ratio, g F ∼ M/L. Consequently, every individual track in Figure 2 (except the ones with the highest initial masses, where stellar mass-loss becomes important) forms a straight line with slope 2.5. In addition, stellar luminosity increases with mass following a power law, L ∼ M x . This leads to the FGLR
With x ∼ 4.5 (see evolutionary tracks in Figure 1 ) we then obtain an FGLR slope of a ∼ 3.2, which is very close to the slope of each individual track in the (M bol , g F )plane. This leads to a dependence of bolomectric magnitude on different mass, which coincidentally is almost aligned with the change along each individual track at constant mass. In that sense the tight FGLR is a trivial consequence of the stellar mass-luminosity relationship.
The vertical width ∆M bol at fixed log g F of an average stellar evolution FGLR constructed from Figure 2 can be estimated as
where ∆log g F is the average length in flux weighted gravity of an individual track of fixed solar mass in Figure 2. For ∆log g F ∼ 0.55 and a = 3.2 we obtain ∆M bol = ±0.2 mag, which is an encouragingly small number.
As is well know but (for simplicity) not shown in Figure 1, stars increase their luminosity once they reach the red giant branch at low temperatures. This gain in luminosity is particularly pronounced at lower stellar masses. For instance, a track with 1.1 M (the lower straight green line in Figure 2 ) would easily evolve (with approximately constant mass) up to M bol ∼ -3.5 mag at log g F ∼ 2.1. Thus, as quantitatively described by equation (3), including RGB-stars has the potential to make the extended FGLR much wider. This is the reason, why we exclude RGB stars from the relationship.
As is well known, stellar luminosities depend on stellar metallicity Z. This will have an effect on the stellar evolution FGLR shown in Figure 2 , which is based on evolutionary tracks calculated for solar metallicity Z . For main sequence stars the shift in luminosity caused by a change in Z is usually described by
where w is a positive number. As a consequence of equation (4) and because of g F ∼ M/L we expect a shift at fixed stellar mass to lower M bol and lower log g F in Figure 2 , when the metallicity is reduced. As a result, the new extended FGLR at lower metallicity has the same form as equation (2) and the change in bolometric magnitude at a fixed value of log g F can be described by
Obviously, the crucial parameter to estimate the influence of metallicity on the extended FGLR is the exponent w. We can use the stellar evolution calculations by Georgy et al. (2013) to determine w. These calculations use exactly the same physics input as Ekström et al. (2012) but adopt a significantly lower metallicity log Z/Z = -0.845. Figure 3 shows that w is a function of stellar mass. At low stellar mass we find w ∼ 0.35 but for higher mass w quickly approaches zero. The corre- sponding changes in M bol calculated with equation (5) are also shown in Figure 3 . At lower mass and high log g F the change is 0.2 mag, which corresponds to the half width of the stellar evolution FGLR at solar metallicity as discussed above and described by equation (3). For higher masses the effects are negligible. We conclude that for large differences from solar metallicity the extended FGLR may show an effect at the high flux weighted gravity end.
COMPARISON WITH OBSERVATIONS
The predicted relationship of Figure 2 needs to be compared with observations. For this purpose we collated samples with accurate stellar parameters either obtained from quantitative spectroscopic analysis or binarity or parallaxes or a combination of all three. In a first step we use the Gaia benchmark stars by Heiter et al. (2015) , the LMC detached late-type eclipsing binaries by Graczyk et al. (2018) and the detached LMC earlytype eclipsing binaries studied Taormina et al. (2019) and Taormina et al., 2019b (submitted to ApJ) . To be consistent with the previous section we have excluded stars on the red giant branch by eliminating all objects with T eff ≤ 4900K and with log g ≤ 3.5. We have also avoided objects with extremely low metallicity [Fe/H] ≤ -2.0. Figure 4 shows the FGLR comparison of these objects with the prediction by stellar evolution. The agreement is striking. In a next step we use as an additional sample the detached eclipsing binaries compiled in the DEBcat catalogue by Southworth (2015) . Again we have eliminated all objects on the red giant branch. In addition, in order to avoid double counting with the previous sample we also excluded the objects from Graczyk et al. (2018) and Taormina et al. (2019) , which are also contained in DEBcat. We also excluded the pre-main sequence binary system EPIC 203710387. The comparison with this sample is also shown in Figure 4 . Again we find excellent agreement with stellar evolution theory. Figure 5 combines the two stellar samples of Figure 4 and shows a linear regression fit. Since the data indicate a change of the slope at log g F ∼ 3.0 caused by a change in the exponent x of the stellar mass-luminosity relationship (see discussion in the previous section), we use a two component fit. We introduce log g b F = 3.0 and the flux weighted gravity of the sun log g F = 5.39 and fit two linear regression to the data in the range 7.0 ≥ log g F ≥ log g b F and log g F ≤ log g b F , respectively:
We obtain a = 3.19±0.01, b = 4.74±0.01 with a scatter of σ = 0.17 mag for the high gravity range. For the low gravity domain the fit yields a l = 3.76±0.11, b l = -2.98±0.09 with a scatter of σ l = 0.29 mag. The scatter is in agreement with the expectation from Section 2 and equation (3).
We note that 23 of the 445 stars used for the regression have metallicities log Z/Z lower than -0.6 down to the most extreme value of -1.80. The average metallicity of these 23 objects is about -1.0. We find that all these objects except one have M bol values larger than given by the regression of equations (6) and (7) with an average ∆M bol ∼ 0.3 mag. This confirms the conclusion of the previous section that extreme changes in metallicity may have an effect on the etxtended FGLR. Figure 6 summarizes the physical properties of the stars included in the regression. We cover a mass range from 0.3 to 20 M . The data reveal a change in slope of the mass-luminosity relationship which correpondes to the change in slope of the FGLR relationship of Figure  5 . We also note that while we encounter quite a range of bolometric magnitudes at a fixed mass the scatter in the FGLR is much smaller. This is explained by the behaviour of the evolutionary tracks in Figure 2 as discussed in the previous section. Figure 6 also shows the gravities of the total sample used for the regression. While a large fraction of the objects is still on the main sequence, a significant amount Blue symbols correspond to main sequence stellar evolution models with rotation and red symbols to models without rotation. has left the mains sequence and is evolving towards the red giant phase. In consequence, the extended FGLR of Figure 5 and described by equations (6) and (7) holds for stars between 0.3 to 20 M in all phases from the zero age main sequence to the beginning of the red giant branch. There is, however, one caveat at the high mass end, which is dicussed in the next section.
MASSIVE BLUE SUPERGIANT STARS
The FGLR was originally introduced by Kudritzki et al. (2003 Kudritzki et al. ( , 2008 to 25000K. Because of their extreme brightness at visual light these objects are ideal spectroscopic extragalactic distance indicators and, consequently, the FGLR technique using BSG has been applied to determine distances to a considerable amount of galaxies (see Kudritzki et al. 2016 and references, therein) . More recently, Urbaneja et al. (2017) have re-calibrated the BSG FGLR using a large sample of objects in the LMC. Figure 7 shows the comparison of the result from Figure 5 with the BSG from Urbaneja et al. (2017) . The offset is caused by severe mass-loss when massive stars start to evolve away from the main sequence (see Meynet et al. 2015) . All the BSG in Figure 7 have significantly lower gravities than the red objects of comparable M bol in the figure. This means that below flux weighted gravities of log g F = 2.0 and for effective temperatures below T eff = 25000K one needs to check whether stellar gravities log g are above or below the value of 3.0 in order to distinguish between the two FGLR branches.
THE EXTENDED FGLR FOR TWO MILLION STARS WITH LAMOST SPECTROSCOPY
In Section 3 we have used stellar effective temperatures and gravities of very high precision to confirm the existence of the extended FGLR. In this section we investigate whether this relationship can be recovered, when data of lower precision are used, for instance, obtained from 'mass production' spectroscopy of a large sample of medium or low resolution spectra and of moderate S/N ratio.
At present, most stellar spectra come from a few of the large spectroscopic surveys (SDSS/APOGEE, Majewski et al. 2017; GALAH, Buder et al. 2018; LAM-OST, Luo et al. 2015a,b) . In particular, the LAMOST survey provides spectra for over six million stars. These spectra have a resolution of only R ∼ 1800, but are good enough to yield element abundances, and temperatures precise to typically 70K and gravities log g precise to typically 0.06 (Xiang et al. 2019 ). If one focusses on stars before the RGB phase as in the previous sections, the LAMOST survey stars should of course also follow the extended FGLR. This provides a test of this relation.
While LAMOST samples stars across a large range of effective temperatures, the derived (T eff , log g) values have only been validated for 4000K ≤ T eff ≤ 8500K. We now construct a FGLR diagram, drawing on the LAM-OST DR5 sample from Xiang et al. (2019) after making the following cuts: to avoid effects of metallicity as discussed in the previous sections we include only objects with [Fe/H] ≥ -0.6. For stars with log g ≤ 3.5 we select only those with T eff ≥ 5100K, to eliminate giants as in section 3. We have chosen a higher temperature value than in section 3, because for the LAMOST sample the red giant branch seems to extend to somewhat higher T eff values (see Figure 8 ). For stars with log g ≥ 3.5 we restrict Teff to 4500K ≤ T eff ≤ 8500K, as the log g values of cooler main sequence stars are known to have significant systematic problems. We further restrict the sample to spectra with S/N ≥ 20, and good Gaia DR2 parallax estimates with parallax/parallax error ≥ 20. These selection criteria leave 2.19 million objects, which occupy the (log g, T eff )-diagram, as shown in Figure 8 .
For all of these objects we construct the observed absolute bolometric magnitude via
where m W 1 is the dust-reddening insensitive apparent magnitude in the WISE band 1 and is the parallax measured in milli-arcseconds. BC W 1 is the bolometric correction, which we derive from Padova isochrones, which imply the following approximation
This approximation is good to 0.02 mag over the relevant temperature range.
With an effective temperature uncertainty of ∼70K (see above) or 1.6 to 1.0 % the uncertainty of the bolometric correction is ∼ 0.05 mag. Therefore, depending on the uncertainty of the Gaia parallaxes we expect uncertainties ∆M pred bol between 0.12 to 0.05 mag for the observed absolute bolometric magnitudes (we have ne- glected the photometric uncertainties of W1 Wise magnitudes in this estimate). As we know from crossvalidation (Xiang et al. 2019 ) the scatter in the log g estimates from LAMOST is 0.06 dex. This error dominates the uncertainty of log g F which has the same value. If we the compare the M pred bol predicted by the extended FGLR of equation (4) to M obs bol , we find remarkable agreement, as Figure 9 demonstrates. The 1σscatter is ∼ 0.18 mag at the low luminosity end and ∼ 0.27 mag at high luminosities with a small offset of ∼ 0.2 mag. Also, the binary caustic, a sequence of unresolved binaries of similar luminosities, is clearly apparent with the expected 0.75 mag (factor of two in luminosity) offset. While a detailed comparison with recent studies of the binary population is beyond the scope of this paper, we note that the observed strength of the binary sequence in the LAMOST data seems to be in qualitative agreement with El-Badry et al. 2018 (see their Figure 9 ) and El-Badry et al. 2019 (see again Figure 9 ). The error ∆log g F = 0.06 translates into a 3.19 × 0.06 = 0.19 mag scatter in M pred bol . Therefore, most of the scatter is expected to result from the log g uncertainties combined with the intrinsic width of the FGLR as discussed in Section 2. The systematic offset of 0.2 mag could be easily explained, if the log g values from the low-resolution LAMOST spectra had a systematic offset of only ∼0.06 dex. Therefore, this constitues a remarkable affirmation of the extended FGLR, even on the scale of massive spectroscopic surveys. Note that a significant fraction of the remaining overall LAMOST sample, has parallax-based distance uncertainties ≥ 10%. For those objects the extended FGLR can provide distances potentially better than Gaia parallaxes making this a competive distance predictor even for a vast sample with stellar parameters T eff and log g derived on an industrial scale.
The LAMOST RGB stars plotted in green in the (log g, T eff )-diagram are also shown in Figure 9 . As we can see, these objects also form a FGLR sequence, however with a slope of ∼2.5 corresponding to a stellar evolution track with a constant stellar mass as discussed in section 2. Indeed, if we overplot the RGB extension of the evolutionary track with 1.1 M shown in Figure  1 , we find a good representation of the observed RGB FGLR sequence. It seems that the tight relation for RGB stars in LAMOST arises from the fact that the large majority of stars is 'old' (≥2Gyrs) with masses between 1 and 2 M .
DISCUSSION
We have shown that for stars between 0.3 to 20 M and in evolutionary phases from the main sequence to the beginning of the red giant branch the flux weigthed gravity g F is tightly correlated with absolute bolometric magnitude. The FGLR correlation holds over 17 stellar magnitudes from m bol = 9.0 mag to -8.0 mag with a scatter of σ = 0.17 mag below M bol = -3.0 and σ = 0.29 mag above this value. Thus, with effective temperatures and gravities derived from stellar spectrum applying the standard methods of model atmosphere analysis it is possible to estimate stellar luminosities L with a precision of 15 to 30 %. Our approach here differs from other recent approaches to determine spectrophotometric distances or luminosities (Coronado et al. 2018; Hogg et al. 2019; Anders et al. 2019) in that it is based on a very simple relation that directly results from elementary stellar physics. For many astrophysical purposes this a valuable tool. For instance, in combination with multi-color photometry allowing for a simultaneous determination of interstellar reddening this will allow to determine distances with a precision of 7 to 15 %. The comparison with a sub-sample of the LAMOST survey consisting of 2.2 million stars, for which T eff and log g where obtained from an automated analysis of low resolution spectra, confirms these findings. Thus, the extended FGLR provides the means for a competetive distance determination method, as soon as the precision of parallax measurements is less than ∼ 10%. Alternatively, for large samples of stars, where very precise distances are available, the comparison of observed with predicted absolute magnitudes can be used to construct accurate 3D-maps of interstellar extinction.
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